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Abstract

The equilibrium aluminum-silicon disorder which occurs in plagioclase solid solutions is
computed using an extension of the statistical mechanical model of Mazo. The model -in-
cludes aluminum avoidance and a composition-dependent T, site preference energy. The
configurational entropy and order parameter are calculated as functions of the temperature
and composition, and reasonable qu: “‘tative agreement is obtained with the known composi-

tion dependence of the order parain

:r. A two-dimensional analogue model of albite is in-

troduced which includes local chargu balance. A limiting high-temperature configurational
entropy of 1.12R per mole of Al is obtained in the two-dimensicnal model when local charge

balance is rigorously obeyed.

Introduction

A variety of silicate minerals exhibit order—dis-
order phenomena similar to those seen in binary al-
loys. However, the complex nature of the silicate
minerals has greatly limited the understanding of the
ordering phenomena in these systems. While there
have bzen some theoretical studies of silicate solid
solutions wsing simple thermodynamic solution mod-
els (Saxena, 1973), little work has been attempted us-
‘ing statistical mechanical methods. Thus little is
kno'vn about the connection between the micro-
scopic ordering process and the bulk thermodynamic
properties of these systems. Recently, a statistical me-
chanical model has been proposed by one of us

(Mazo, 1977) (hereafter referred to as I) for the low

albite~high albite transformation. The work of I gave
a reasonable qualitative description of the ordering
phenomena in albite and demonstrated that tractable
statistical mechanical models can be developed
which deal with order-disorder phenomena in com-
plex mineral systems. Another exawmple, for a differ-
ent system, 1s the work of Navrotsky and Loucks
(1977).

The aluminuni-silicon ordering which occurs in
albite is also present, in varyirg degrees, in plagio-
clases of various compositions. These systems are
particularly interesting since the ordering is found to
be composition- ar well as temperature-dependent.
Statistical me~hanical models have Leen previously
proposed for plagioclase .mixtures (Kerrick and
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Darken, 1975); however, .hey have not dealt with the
temperature dependence of the ordering nor have
they considered what effects the ordering has on the
thermodynamic properties of the mixture. In addi-
tion, these models assume that plagioclases are, in
some sense, ideal mixtures of albite and anorthite,
while the exp- imental evidence strongly suggests
otherwise (Seck, 1971).

This paper extends the model of I to plagioclase
mixtures. TLe advantage of the approach of ¥ over

-the models of Kerrick and Darken (1975) is that in-

teratomic interactions thought to be important in
feldspars can be incorporated into the thcory. Con-
sequently we will be particularly interested in deter-
mining the effect of short-range order due to alumi-
num avoidance on the long-range ordering of the
aluminum atoms in the mixture.

The paper is organized as follows. In the remain-
der of the Introduction we briefly describe the order-
ing phenomena which occur in calcic and sodic feld-
spars. In Section II we define the model and describe
some of its order-dependent thermodynamic proper-
ties. In the third and final section we discuss some of
the shortcomings of the model.

Albite (NaAlSi,0) and anorthite (CaAlSi,0,)
both have typical feldspar structures irn which the
aluminum and silicon atoms are tetrahedrally
bonded to oxygen atoms. The key structural unit in
the crystal is that of four-member rings of TO, (T =
AlSi) tetrahedra which are bound together in a
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Here’we derive the free energy expression, within the quasi-chemical
approximation, appropriate to oﬁr model. For a nore detailed discussion
of this approximation the reader is referred to Guggenheim (1952).

In‘Equation 9 wé approximate g(r,s,n,x) by the following:

1

* N
g(r,s,n,%) = [a<~8—8——‘ ~1)+11" | (A1)

2.

where g 4is equal to the number of ways that independent pairs of A and B particles

can be placed on the lattice consistent with the given values of r, s, n

and
%
X. The function g is thus
X !
8K(1’,S ,n,X) = N S (Az)
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Using Equations 3a-b and assuming rAA=sAA=O, Equation AZ can be rewritten
in terms of the order parameter p and the mole fraction of albite, x, as
follows
o N
= 37 (43)
& = 9 Tx-2 2%-1+2p
b (2-x-p) (FERy )
p- (2-x-p) (14+x-2p) (2x-1+2p)
- where we have used Stirling's approximation for the various factorials.
In most applications of the quasi-chemical approximation the function
a in Equation Al is chosen to be identically one. The function B is then
a correction factor which normalizes g(r,s,n,x). In the present model
this normalization condition is
; N, , ,3N
2 CZ)!(jIQZ (a0)
= - Ax-é
I‘AA’SL‘\A ni ‘4 il) . &’\ S L/ .

While such a choice for o and R produces an exccellent approximation for a
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near its maximum value,it can result in a quite poor approximation for the
more ordered states of the system (Prigogine, Mathot-Sarolea and Van Hove,
1952). In fﬁe present model, such choices for & and B result in a value of
~N n . for the entrnpy of ordered anorthite. Therefore we choose 8 such

R iy
that g is one in ordered albite and anorthite and then satisfy equation
A4 by an appropriate choice of @ . This worsens the quality of the approx-

imation to g near its -weximum, but improves overall agreement. The functional

form for B is therefore

};
- 2 N
B = |~ NN! T : (A5)
' (E(l+x))!cz(l—x))! (Nx)!
which can be reexpressed as
1+x 3 - -1
[ ( By ) 5y (1—}{) S :
B = (1+x) 2 (1-0)7 &2 (46)

L

Using the maximum term ir the summation of equation A4, o is found to be

1 | IE
@IS Y st ‘
~11. c%;— -1) (A7)
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. N N 4n N . 4n

[ V(D et e ¥ (= G 1

~L\n!(4 n).(4(2 X N)).34(l+x, N)).

%

w .
where g f is the value of g in a completely random distribution without
aluminum avoidance.  In terms of the order parameter and the composition

Equation A7 can be reexpressed as

3

3 k
Y. =0} For o Y "'l
Pp(l"P) (l"P) (Z‘X"p) (;'.ek BJ (l-{-x+p> (11.:\ o) J
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The molar free energy for the system is given by combining Equations

8, ll_and 13 of Section II and is found to be
A
A N (et+vx)
- - ALTVX)P A
W - A8 4kT (A9)

where g is given by Equations Al, A3, A6 and A8. The equilibrium value of p

is then obtained by minimizing the free energy with respect to p,

1 g utvx

1 ( 37 )T,x - (—725—9 =0 (A10)
N

B

L
NS og N I
The derivative ( o) is given by
ap T,x
. 1 l
tji o éa g*&: 9 f;_li (A11)

L
where g""'r‘f » & and B are given by equations A3, A8 and 26 respectively and

the derivatives in Equation All are found to be

1
*N 1
3(&28—-) ' 2 EJ“N 2 (2-—x—p (l+x—2p )2/3 19
op B n . 3p 2x~1+2p S
T,x
. :
3 N
(e (= 3 DyD,4D,- = 0n | (2=x-p) (1=p) } (A13)
op “T,x ™ _1)2 [ (1+xtp)p
\ 2
wheré v
i 3 ' 7 }{’
D =f E !

! . 1
| L p° (1-p) (1-P)(2-X~p)(2"}‘“p)(l+x+p) (Ttxtp) |

1 E (AL1L)
+x
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3, w2
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Appendix B

llere we outline a model for "two dimensional albite''which includes charge
balance in addition tovaiuminum avoidance. We start with a primary square
plaﬁar lattice of 4N sites where thé length éf the side of &« unit cell is £.
‘A secondary square planar lattice of N sites is then constructed among the
prinary lattice sites such that the léngth of a unit cell in the secondary
lattice is 2%. An example of such a iattice is given in Fig. 5 where the
sites of the secondary lattice are indicated by crosses. Each secondary site
has four primary sites as nearest neighbors. The Al and Si atoms occupy the
primary sites with the sodium atoms of‘albite occupying the remaining
secondary sitesf Local charge balance in the model then correéponds to each
secopdary site -(Na) having one Al :atoms and three‘Si'atoms located on its
four néarest neighbor primarv sités. It should be pointed out that this
definition of local'charge balance eliminates many configurations of the atoms
on the primarj sifes which would violate the aluminum avoidance principie.

Sin;é the aluminum atoms can be at aﬁy of the four sites surrounding a
secondary site, the high temperature limit for the entropy, without explicitly
imposiﬁg aluminum avoidance, is R &n 4 = 1.39 R. This compares to a value of
2.25 R for a completely random distribution of the atcms on the primary sites.

It is straightforward to include alumiaum avoidance into the model
using a quasi-chemical approximation quite similar to that used jn Sec. II.
Here we limit the calculation of the configuratiomal entropy, subject to
aluminum avoidance,‘to only its high temperature limit.

Let us associate with each secondary site an arrow which czn point in
any of four different directions. We then associate with each different state
of occupation of the four nearest neighbors of the secondary site a given
direction cf the‘arrow. The configurational state of the model is ithen given

by the configurational state of the arrows. The entropy of the system is then
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s =%k n g (B1)

==
sy

where g is equal to the number of ways the arrows can be plz:ed on the lattice
subject to aluminum avoidance. Here we assume that g is propor+ional to the j

number of ways independent pairs of arrows cau be placed on the lattice.

There are 32 possible configurations for a nearest neighbor pair of arrows,

4 of which violate the aluminum avoidénce principle. In the high temperature
limit all 28 cénfigurations which satisfy aluminum avoidance are equally
probable. Thus g in Equation Bl is proportional to (28)2N where the exponent
2N is a result of there being 2N independent pairs of arrowé. The propor-
tionality constant is then fixed by the‘éondition that g in a completely

random configuraticn, without aluminum avoidance, would have the value 4 .

Thus g is " .

' N, 28 2N
Bz A (59 |
A ‘ (B2) o

and the limiting value‘for the entropy is

[
2
_ 28
;:— R 4n & (32
(83)

= 1.12R

Subsequent to the writing of this Appendix, the properties of this
two-dimensional rmodel have been worked out for arbitrary temperatu- . The

details will be published elsewhere (Andersen and Mazo, 1979).
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Fig. 5. Simple quadratic lattice for "two-dimensional albite."

The solid circles and crosses indicate lattice positions occupied by

the aluminum-silicon and sodium atems respectively.




